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Abst ract - -We propose anew approach to the analysis of the impedance problem for the Helmholtz 
equation in the exterior of a body (obstacle) in two and three dimensions. This approach can be called 
'method of interior boundaries', because an additional boundary is introduced inside the scattering 
body. An appropriate boundary condition is specified on the additional boundary. The solution of the 
problem is obtained in the form of a single-layer potential on the whole boundary. The density in the 
potential satisfies the uniquely solvable Fredholm equation of the second kind and can be computed 
by standard codes. In fact, our method holds for any positive wave numbers. The Neumann problem 
is a particular case of our model. The method of hypersingulax integral equations widely used in the 
scattering theory is more complicated and has several shortcomings in comparison with our approach. 
(~ 2003 Elsevier Science Ltd. All rights reserved. 
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1. INTRODUCTION 
The reduction of the impedance problem for the Helmholtz equation outside an obstacle to 
the uniquely solvable integral equation is very important for finding numerical solutions of this 
problem, which has numerous applications in different fields of physics, engineering, and industry. 
The Neumann problem is a part icular case of the impedance problem. It is well known [1], that 
these problems cannot be reduced to the uniquely solvable Fredholm integral equation on the 
boundary of the obstacle by a single-layer potential. More precisely, such reduction is impossible 
if the obstacle is a resonance domain. The method of reduction of these problems to the uniquely 
solvable hypersingular equation has been presented in [2,3], where authors suggested looking for 
a solution as a sum of single- and double-layer potentials. The basic problem with this method 
is that  the normal derivative of the double-layer potential may not exist, while the classical 
solution of the problem exists. Therefore, the solution cannot be presented as a sum of single- 
and double-layer potentials in certain cases. Besides, the numerical analysis of hypersingular 
integral equations is rather complicated and requires pecific approaches [4-11]. 
Another technique for solving Neumann and impedance problems with wave numbers k > 0 
has been developed in [12-15], where it was suggested to put an infinite number of point sources 
inside the scattering body. This method enables us to reduce the problem to the uniquely solvable 
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Fredholm equation of the second kind for a scatterer of an arbitrary shape. At the same time, 
it is very hard to take into account an infinite number of point sources to find the numerical 
solution, so this method is not widely used in computations of practical problems. 
In the present paper, we suggest a new approach to solve the impedance problem in 2-D and 
3-D cases. Our approach can be called 'method of interior boundaries'. Instead of an infinite 
number of point sources, we propose to put inside the scattering obstacle an additional boundary, 
i.e., a closed surface, where the additional boundary condition is given. It can be shown that the 
modified problem with an additional boundary has at most one solution. Moreover, any solution 
of the modified problem is a solution of the original impedance problem. Looking for a solution 
of the modified problem with additional boundaries in the form of a single-layer potential, we 
obtain the uniquely solvable Fredholm equation of the second kind on the total boundary. In 
this way, we construct he solution of the modified problem and, consequently, the solution of 
the original impedance problem. Our Fredholm integral equation can be easily computed by 
standard methods. 
Our method holds for any wave number k E (0, k0], where k0 is an arbitrary fixed positive 
number. In fact, our method holds for all k, which may be used for computations in practical 
problems, since k0 can be taken large enough, i.e., as large as is necessary. In addition, the case 
of sufficiently large k is not interesting in diffraction theory, since if k --* oc, then the diffraction 
is absent and waves are subject to the laws of optical geometry such as reflection and refraction. 
The problems on scattering waves by a finite number of 2-D nonclosed screens (open arcs) were 
reduced to the uniquely solvable Fredholm integral equations in [16-20]. 
2. FORMULAT ION OF  THE PROBLEM 
Let x = (Xl, . . .  ,Xm) E R m for m = 2 or m = 3, and A is a Laplacian in R m. We consider 
a exterior open, simply connected omain :1:) C R m with the boundary F in class C 2,°, where 
F is a simple closed surface if m = 3 or curve if m = 2. The surface (curve) F bounds interior 
single-connected, open domain Dr. Let nx be a unit normal vector to F at x E F. The vector nx 
is an outward normal with regard to D. Consider F as a double-sided surface (curve). By F - ,  
we denote that side of F which we observe when facing towards the normal's tips. The opposite 
side will be called F +. 
We say that the function W(x)  defined in 7~ belongs to the smoothness class K if 
(1) w(x) • n 
(2) there exists a uniform, for all x • F +, limit of (nx,V~W(5:)) as • c 7:) tends to x E F + 
along the normal n~. 
Let us formulate the exterior impedance problem for the propagative Helmholtz equation in 
the domain D C R m, (m = 2, 3). 
PaOBLEM V. Find a function W(x)  of the class K, so that W(x)  satisfies the Helmholtz equation 
in 7:), 
AW(x)  + k2W(z)  = 0, k = Rek(= const > 0), (2.1) 
satisfies the boundary condition 
OW(x) g (x )W(x) )  ~er+ = f(x)l~er, 
0nx + 
g(x) e c°(r ) ,  
and meets the radiation conditions at infinity 
W = O (]x](l-m)/2) , 
Img(x) lxer < O, 
(2.2) 
as Ix I = V/x~ +. - -  + x~ --~ oc. The functions g(x) and f (x )  are given. 
Oix----~] - i kW = o txl (1-m)/2 . (2.3) 
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All conditions of the problem must be satisfied in the classical sense. By F on I+, we .z 
mean the limit ensured in point (2) of the definition of the smoothness class K. The Neumann 
problem is a particular case of our problem. 
The following theorem holds. 
THEOREM 1. There is at most one solution of Problem V. 
PROOF. Let We(s) be an arbitrary solution of homogeneous Problem V. Our aim is to show 
that We(z) z 0 in D. 
By C,, we denote a ball (circle if m = 2) of the large radius T with the center in the origin. 
By l%‘c(z), we denote the complex conjugate to We(z). Clearly, l%‘,(z) belongs to the class K. 
We envelop P by a closed equidistant surface (contour) [21] lying in domain 2) and write energy 
identity for the domain bounded by this surface (contour) and C,.. Then, we tend the surface 
(contour) to I’+ and r to infinity. Using smoothness of We(z) ensured by the class K, we get 
awe(x) + lim ~0(2)- 
s T+oc) ac, 
ar ds = - J 
(2.4 IWo(z)12g(s) ds + ik lim J WoWI ds, r+ r-+oo ac, 
where conditions (2.3) and (2.2) were used. By s .d s, we denote the surface (curvelinear) integral 
of the first kind. We recall that Img(z) 5 0 and taking the imaginary part in (2.4), we obtain 
J IWO(Z)\~I Img(z)] ds + k lim l-+ J lWo(z)12 ds = 0. p+oo ac, 
Since k > 0, we have 
lim J IWo(z)12 ds = 0, r-+O” ac, 
and it follows from the Rellich lemma [1,22] that We(z) = 0 for x E 2). Hence, homogeneous 
Problem V has only trivial solution, and the theorem is proved due to the linearity of Prob- 
lem V. I 
3. THE MODIFIED PROBLEM 
In this section, we consider the modification of Problem V which will be called Vc. Recall 
that in our notations, m = 3 and m = 2 correspond to 3-D and 2-D cases, respectively. Let ko 
be an arbitrary fixed positive number. In the interior domain YDr, we consider a simple closed 
surface if m = 3 (or curve if m = 2) of class C210 and denote it by y. Suppose that y bounds the 
interior open simply connected domain D-, c Dr. Assume that the surface (curve) y is chosen in 
such a way that for any k E (0, ke], the following Dirichlet problem in DT, 
u(x) E co 0,) n c2 (VT), 
Au(x) + k2u(x) = 0, x 6 q, 
4X)lZEY = 0, 
(3.1) 
has only trivial solution. 
Clearly, the surface (curve) y can be chosen in different ways. For example, for y, we can take. 
any arbitrary sphere if m = 3 (or any arbitrary circle, if m = 2) lying in Vr with the radius r 
satisfying the inequality 
r<L 
ko ’ 
ifm=3, 
2.40475 (3.2) 
T<- 
ko 
! ifm=2. 
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Let us show that problem (3.1) has only trivial solution for any k • (0, k0]. We consider the 
spectral problem in :D~ for finding eigenfunctions U(x) and eigenvalues A, 
• c o n c 2 
av(x)  +  2u(z) = o, x • 
V(x)lx   = 0. 
(3.3) 
The eigenvalues of (3.3) are positive and can be numbered in ascending order [23, p. 298]. The first 
eigenvalue for the ball is A1 = zc/r. The first eigenvalue for the circle is A1 = c/r, where c -~ 2.4048 
is the least positive root of the equation Jo(z) -- O. Here, Jo(z) is the Bessel function of index 
zero [21; 23, p. 301]. If A < Al(r), then problem (3.3) has only trivial solution. Consequently, the 
inequality k0 < Al(r) ensures that problem (3.1) has only the trivial solution for any k E (0, k0]. 
This inequality leads to (3.2). 
Instead of ball (circle), we can take as :D~ an arbitrary simply-connected domain in Dr with 
diameter d satisfying the estimation 
d<ln  1+ , (3.4) 
then, problem (3.1) has only the trivial solution for any k E (0, k0]. This statement results 
from [1, Section 3.4, Lemma 3.26]. 
Thus, below we suppose that the surface (curve) 3' is chosen in the following way. 
Let k0 be an arbitrary fixed positive number, and 3' is subjected to one of the 
two conditions: 
(1) 3' is a sphere if m = 3 (or circle if m = 2), 3' C :Dr, and the radius of 3' fulfills 
inequality (3.2), 
(2) ~ is a simple closed surface if m = 3 (or curve if m = 2), 3' is of class C 2'°, 
C Dr,  and the diameter of 3' fulfills inequality (3.4). 
(3.5) 
As indicated above, if (3.5) holds, then problem (3.1) has only trivial solution for any k E (0, k0]. 
We introduce the unit normal vector nz to 7 at x E 7. I fx  E 7, then the vector nx is an 
outward normal with regard to the domain :D'r bounded by 3'. Consider ~/ as a double-sided 
surface (curve). By 7 -  we, denote that side of ~ which we observe when facing towards the 
normal's tips. The opposite side of 3' will be called 3'+. Set D O = :Dr \ (:Dr u ~/). 
We say that the function W(x) defined in R m belongs to the class of smoothness K0 if 
(1) w(x) e c°(R m) n C2(R \ ( r  u 3')), 
(2) in the definition of the class K, (2) holds, 
(3) there exists for all x E F -  U 3'- the uniform limit of (nz, ~J~W(2)) as • E D O tends to 
x E F -  U 3'- along the normal nx. 
Clearly, any function of class K0 belongs to the class K,  that is, K0 c K. 
Now, we formulate the modified problem, which we call V0. 
PROBLEM V0. Assuming that condition (3.5) holds, we must find a function W(x) of the 
class K0, so that W(x) satisfies the Helmholtz equation (2.1) in R m \ (F U 3'), satisfies the radi- 
ation conditions (2.3), the boundary condition (2.2), and the additional homogeneous boundary 
condition on 3"- 
OW(x) iW(x))xE~_ = 0. (3.6) 
53nx 
Ow(z) By ~ on 3'-, we mean the limit ensured in (3) of the definition of class K0. All conditions 
of Problem V0 must be satisfied in the classical sense. 
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Clearly, any solution of Problem V0 is a solution of Problem V. Let us prove the uniqueness 
theorem. 
THEOREM 2. //c condition (3.5) holds, then for any k • (0, ko], Problem Vo has at most one 
solution. 
PROOF. Let Wo(x) be a solution of 'homogeneous Problem V0. Our aim is to show that 
Wo(x) - O. As noted above, Wo(x) satisfies homogeneous Problem V. According to Theo- 
rem I, 
Wo(x) -~ O, x e 79. (3.7) 
It follows from the definition of the class Ko that Wo(x) is continuous on F. So, Wo(x) satisfies 
the following homogeneous boundary value problem in :Do: 
AWo(x) + k2Wo(x) = O, x • 790 = :Dr \ (79~ U ~/), (3.8a) 
W0(x)[=er. = 0, (3.8b) 
OWo(z) 
iWo(x)) :e'~- = 0. (3.8c) 
We construct equidistant surfaces (curves) in 790 for boundaries F and 7, we write energy equal- 
ities in domains bounded by these surfaces (curves), and tend these surfaces (curves) to the 
boundaries [21]. Using the smoothness properties ensured by the class K0, we obtain 
fr ,~r , , OWo(x) f~ iTVo(x)~ ds -IlVWoll~2(vo) + k2[IWo[IL2c D°) = -u'r- , ,oLX)~ ds = _ on= 
= i f~ IW0(x)l 2 ds, 
where we applied the boundary conditions (3.8b,c). Taking the imaginary part in the latter 
identity, we have 
f IW0(x)l 2 ds = 0, 
therefore, 
and thanks to (3.8c), 
Wo(x)l=e.y = O, (3,9) 
OWo(x) = o. (3.10) 
On= =e'r- 
The function Wo(x) is continuous on 7 since Wo(x) E Ko. Taking into account (3.9), we observe 
that the function Wo(Z) satisfies the following Dirichlet problem in the domain 79r: 
AWo(z) + k2Wo(z) = 0, z • 79~, 
w0(x) l~  = 0. 
It follows from condition (3.5) that 
w0(z) =- o, z • 79~, (3.11) 
therefore, 
OWo(Z)On= ~+ = O. 
Joining (3.9), (3.10), (3.12), we obtain that the matching conditions hold: 
Wo(x)l=e~. = Wo(z)f=e~- OWo(x) _ OWo(~) I
' On= xE~/+ ~ IxE3,- " 
(3.12) 
(3.13) 
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Recall that Wo(x) is twice continuously differentiable and fulfills the Helmholtz equation in Dr \?. 
Thanks to matching conditions (3.13), the function Wo(x) can be analytically continued across ?, 
because -y is a set of removable singularities for Wo(x). In other words, it can be shown with the 
help of (3.13) and the third Green's formula [1,21] that Wo(x) E C2(:Dr), and Wo(x) satisfies 
the Helmholtz equation (2.1) everywhere in :Dr, particularly, on % As is shown in (3.11), Wo(x) 
is identically equal to zero in the subdomain of :Dr, because :D r c :Dr. At the same time, 
Wo(x) is analytic in :Dr as a solution of the Helmholtz equation [24, Chapter 4, Section 4.4, 
Corollary 4.4.1]. According to the method of analytic continuation, we can prove that 
Wo(x) -- 0, x • Dr. (3.14) 
REMARK. Indeed, we can show that Wo(x °) = 0 for any x ° • Dr. To prove this, we connect x ° 
and a fixed interior point of :Dr by an arc lying in :Dr. Then, we cover the arc by a finite number 
of balls (circles if m = 2) which lie in Dr. The center of the first ball (circle) is the mentioned 
interior point of D r. Then, balls (circles) go to x °, so that the center of each ball (circle) is 
contained in the previous one and belongs to the arc. The last ball (circle) contains x °. Since 
Wo(x) is analytic in :Dr as a solution of the Helmholtz equation [24, Chapter 4, Section 4.4, 
Corollary 4.4.1], we expand it into convergent Taylor series in each ball (circle). The coefficients 
of the Taylor series coincide with derivatives of Wo(x) in the origin. The Taylor expansion in 
the first ball (circle) is identically equal to zero, because Wo(x) - 0 in the vicinity of its origin 
on the base of (3.11), and so all derivatives of Wo(x) in the origin as well as Taylor coefficients 
are equal to zero. Then, we sequentially show that expansions in all other balls (circles) are also 
equal to zero, since the vicinity of the origin of each ball (circle) lies in the previous ball (circle), 
where Wo(x) is identically equal to zero. Consequently, Wo(x °) = 0 for any x ° c Dr. 
Using (3.7), (3.14), and smoothness of Wo(x) ensured by the class K0, we obtain 
Wo(x)-O, i nn  m, (m=2, orm=3) .  
Thus, homogeneous Problem V0 has only a trivial solution. Consequently, inhomogeneous Prob- 
lem V0 has no more than one solution. The theorem is proved. I 
4. INTEGRAL EQUATIONS AND THE SOLUTION 
OF THE PROBLEM 
In the present section, we obtain the solution of Problem V0 in the form of single-layer potential 
where the density fulfills the uniquely solvable Fredholm equation of the second kind on the total 
boundary F U % As noted above, this solution of Problem V0 is also a solution of Problem V. 
To prove the existence theorem, we impose the additional condition to the function f(x) in (2.2): 
f(x) • C°(F). (4.1) 
We look for a solution of Problem V0 in the form of the single-layer potential on F U 7: 
W[#](x) = I #(y)~k(x,y)dsy, (4.2) 
JF  uy 
where y -- (Yl,.-. ,  Ym) E F U 3 ~ and (I)k(x, y) is a fundamental solution of the Helmholtz equa- 
tion (2.1) in R m, so that 
{ yL/, if m-- 2, 
~k(x,y) = 1 exp(ikix - y[) 
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By 7-/~1)(z), we denote the Hankel function of the first kind and index zero [21,25], 
fo °° ( i t~  -1/2 ?_/(t)(z) = v~exp(iz~rv/_z- i~r/4) exp(-t) t -1/2 1 + ~z] dt. 
We look for the density #(x) of the potential (4.2) among the continuous functions, #(x) • 
C°(F tJ ~,)i According to the properties of a single-layer potential [1,16,21,22], function (4.2) 
belongs to the class K0 and satisfies all conditions of Problem V0 except he boundary conditions 
on F + and 7-.  To satisfy the boundary conditions, we substitute (4.2) into (2.2) and (3.6), using 
the limit formulae for normal derivatives of a single-layer potential [1,16,21,22], and we get the 
following integral equations for the density #(x): 
l#(x) + #(y) ~ +g(x) ¢~(x,y) ds u = f(x), x • F, (4.3) 
[97 
fru.r#(y)( 0 --i) Ok(x,y)dsy=O, x•7 .  (4.4) -½u(z) + 
Equations (4.3),(4.4) can be written in the form of one equation on the whole boundary F U % 
~,(~) + Jr[ u(y)n~(~,u)ds~ =/0(~),  • • ru% (4.5) 
where 
- (o~- i )~k(x ,y ) ,  if x•% (4.6) 
f(x), i f xEF ,  
fo(x) = 0, if x E 7. 
Since F t_J 3' E C 2'°, the kernel in the integral equation (4.5) has a weak singularity, and the 
integral term in (4.5) is continuous on F t2 3' in x (see [1,21]). Therefore, the integral operator 
in (4.5) maps C°(F U 7) into itself. Moreover, (4.5) is a Fredholm integral equation in C°(F t2 7), 
because its kernel has a weak singularity [21]. We arrive at the following result. 
LEMMA. Let conditions (3.5),(4.1) hold. H #(x) 6 C°(F U 7) satisfies Fredholm equation (4.5), 
then the single-layer potential (4.2) is a solution of Problem V0. 
REMARK. The lemma is true for any k _> 0 in a 3-D case and for any k > 0 in a 2-D case, i.e., 
we do not require that k E (0, k0]. 
Assuming that condition (3.5) holds, we will show that the homogeneous Fredholm equa- 
tion (4.5) has only the trivial solution for any k E (0, k0]. Let #°(x) be a solution of the homoge- 
neous equation (4.5), then it satisfies the homogeneous equations (4.3),(4.4). We substitute #°(x) 
in (4.2) and consider a function W[p°](x). On the basis of the lemma, W[/~°](x) is a solution of 
homogeneous Problem V0. According to Theorem 2, since condition (3.5) holds, this problem 
has only a trivial solution for any k E (0, k0]. Hence, we obtain 
W [#0] (x) = 0, in R "~, (m = 2 or m = 3). 
Recall, W [#0] (x) belongs to the class g0, and so W [#o] (x) • C°(R m) N C2(R m \ (F U 7)). 
Using the jump formulae [1,16, 21,22] for the normal derivatives of the single-layer potential (4.2) 
on F and 7, we obtain .... 
on__:wa [uo] (x) x~+ -on--:° w [u °] (x) ~-  = u°(z)lx~r = o, 
0 I O_ W x~- Or'----: w [U°] (~) x~+ On~ [~o] (x) = ~°(x)tx~ = 0. 
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Consequently, #°(x) = 0 for x E I" U 7. Thus, assuming that condition (3.5) holds, we have 
proved that the homogeneous Fredholm integral equation (4.5) has only a trivial solution for any 
k E (0, k0]. According to Fredholm alternative, the inhomogeneous equation (4.5) is uniquely 
solvable in these assumptions for any fo(x) E C°(F U 7). We arrive at the following theorem. 
THEOREM 3. Let conditions (3.5) hold. /f  k E (0, k0], then the Fredholm equation (4.5) has a 
unique solution ~(x) E C°(F U 7) for any fo(x) E C°(F O "y), in particular, for any f(x) E C°(F) 
in (4.8). 
From Theorem 3, we obtain the solvability theorem for Problem Vo. 
THEOREM 4. //c conditions (3.5),(4.1) hold, then for any k E (0, ko], the solution of Problem V0 
exists and is given by a single-layer potential (4.2), where #(x) is a unique solution of the Fredholm 
integral equation (4.5), ensured by Theorem 3. 
As noted above, any solution of Problem V0 satisfies Problem V. Therefore, the solution of 
Problem V0 constructed in Theorem 4 satisfies Problem V. 
THEOREM 5. Let assumptions (3.5),(4.1) hold. Then, for any k E (0, k0], the solution of Prob- 
lem V is given by (4.2), where p(x) is a unique solution of the b-Yedholm integral equation (4.5) 
ensured by Theorem 3. 
Note that condition (3.5) can be always satisfied. 
REMARK. Consider the 3-D case (m -- 3). Suppose that in addition to the condition Im g(x) <_ 0, 
x E F, we have Reg(x) >_ 0, x E F. Then, Theorem 1 holds for k _> 0, and Theorems 2-5 hold 
for k E [0, k0]. This case includes the 3-D Neumann problem. 
Theorem 5 is the main results of the present paper. Based on the method of Fredholm integral 
equations, we proved the solvability of Problem V for F E C 2'°, g(x), f (x) E C°(F). In fact, 
our proof is valid for any positive k, since k0 can be taken as large as necessary. The method of 
hypersingular integral equations presented in [1-3] cannot be applied, since the normal derivative 
of the double-layer potential used in this method may not exist under our conditions. Recall, 
that in the method of a hypersingular integral equation, we look for a solution of Problem V as 
a sum of a single- and double-layer potentials on F. 
The basic idea of our method is, that we introduce an interior boundary inside interior domain 
(scatterer) bounded by F and reduce Problem V to the uniquely solvable Fredholm equation on 
the whole boundary. The solution of the problem is represented in the form of a single-layer 
potential on the whole boundary. From a physical stand-point, he single-layer potential defined 
on interior boundary can be considered as distributed sources placed inside interior domain 
(scatterer) instead of infinite number of point sources used in [12-15]. 
The advantage of our approach is that the uniquely solvable Fredholm integral equation (4.5) 
can be computed by standard codes, i.e., by discretization and inversion of a matrix. Since our 
method holds for any k E (0, k0], where k0 is an arbitrary positive number, Problem V can be 
computed for different k without any changes in a computational scheme. 
In conclusion, we note that our method seems very simple and can be used to prove solvability 
of the impedance problem for the Helmholtz equation even in lectures for those students who are 
not familiar with hypersingular integrals. 
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